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Annotation:  In this paper, we investigate local boundary value problems
for  the wave equation on ladder type metric graph. The main goal of this work
is  to  study  the  uniqueness  and  the  existence  of  solution  of  the  formulated
problem. Using by the method of separation of variables we find a solution of
the  investigated  problem  in  the  form  of  the  Fourier  series.  Existence  and
uniqueness of solution of the considered problems are defined.
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Introduction
Initial-boundary problems for differential equations on metric graphs is a

relatively  new field  of  study,  and  the  linear  Schrödinger  equation  (quantum
graph) on graphs began to be studied mainly in the 1990s[1]. Other types of
equations on graphs began to be studied mainly in the 2010s. We can cite the
results  obtained  on  the  nonlinear  Schrödinger  equation[2],  the  Sine–Gordon
equation, and the Korteweg–De Vries equations. G. Berkolaiko used them in his
work  to  study  various  physical  processes  on  three-sided  star  graphs[3].  ZA
Sobirov  and MR Eshimbetov studied  heat  dissipation  processes  on  staircase
graphs[4]. The initial-boundary problem for the wave propagation equation on
staircase graphs is considered in this work for the first time.

The study of wave processes in ladder graphs is a practically important
issue. Such graphs serve as a model for studying the propagation of impulses in
DNA and RNA molecules.

1. The problem statement
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The edges  of  us ,   formed by joining together  sections  of

equal length Given a ladder graph (Figure 1), find the edges of the graph. ,

We define it  in the form of. Each identifiable in the bond we

have the coordinates  and all  to the edges we adjust the cut, that is

, .

(Drawing 1)

At each edge of the graph, we consider the following wave propagation
equation

,  , . (1)

Here , .   given

specific functions .

Let's look at the following problem for equation (1) on the graph.

Issue1.  The wave propagation equation given in the form (1)
identified in the field and the following:

elementary

,   ,  ,  , (2)
homogeneous border

, ,   ,  , , (3)
and the following connection conditions (Kirchhoff's conditions)

(4)

________________________________________________________________

"Экономика и социум" №5(132) 2025                                      www.iupr.ru



(5)

satisfactory Let's find a solution.

Here and , Given  functions,  sufficiently  smooth
functions.  In  addition,  we  assume  that  they  have  the  following  properties
consistent with conditions (3)-(5):

 ,

 ,                 (6)

  (7)

   (8)

2. Spectral problem in metric graphs
We solve the homogeneous part of equations (1) using the separation of

variables method (Fourier method)

, , (9)
If we satisfy conditions (3)-(5),

,  ,   ,  (10)

  (11)

  (12)

, (13)

  (14)
we will have relationships.
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Problems of the form (9)-(14) are usually called Sturm-Liouville spectral
problems. Spectral problems on metric graphs can be found in the literature [5]-
[6].

It  is  known  from  the  course  of  differential  equations  that  the  general
solution of equation (9) is as follows

(15)

has the form. (15) on each side of the equation and Using conditions 
(10)-(14) with respect to the unknown coefficients,

(16)

we get a system of equations. Here is a vector composed of unknown
coefficients and is written in the following form:

.

Considering conditions (10)-(14), we have the matrix will look like
this:

 

We can say that, matrix  , and   is a diagonal matrix

with respect to matrices. Here, matrices are zero matrices. For convenience, if

and   for values   , If we enter the definitions,

, , and   Matrices are expressed in the following forms:
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, ,

,      .

We are below  Let's give an example for the case where . That is, the

number of edges  For the graph with ta, we consider. According to equality
(15) and conditions (3) - (5),

, ,

,

in appearance ( ) we have the eigenvalues. Taking into account

equality (15), we find the corresponding eigenvalues ( ) we write
the eigenfunctions

, ,

,  ,

.
3. Problem solution research: existence and uniqueness of the 

solution

Theorem  1.If , ,

are functions defined in classes,   at intervals , and
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in the field if the functions are absolutely integrable,

then for functions

,  , ,

, ,

,
conditions are appropriate and conditions (3)-(5) and (6)-(8) are satisfied

respectively , , is  also  valid  for  functions,  then  the
solution to problem (1)–(5) exists and is unique.

PROOF. Given.   We expand the functions into a Fourier series using
the eigenfunctions.

(17)

Here   (17)  The  coefficients  of  the  Fourier  series.  If  we write  the
solution of equation (1) in the following form,

,         (18)
Using this solution and equation (1),

(19)

we form an equation. Since the function is a specific function of the
problem under consideration, this

(20)
we have a  non-homogeneous differential  equation.  It  is  known that  the

general solution of equation (20) is

(21)
[9] Therefore, based on (18), we can write the general solution of equation

(1) as follows:
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.(22)

It is known that given , functions as follows

,   (23)

We can expand it into Fourier series in the form of . Here and    (23)
are the coefficients of the Fourier series. If we satisfy the initial condition (2) for
the obtained general solution of (22),  

,   (24)
we will have equalities.
Therefore, based on equations (22) and (24), the solution of equation (1)

satisfying conditions (2) is found as follows:

.
(25)

Given  the  equations  (23) ,   functions ,
since

      ,   (26)
We can write it  in the form: (26) Integrating the right-hand side of the

equations by parts two and three times, respectively, and taking into account the
conditions (6)-(8) and the conditions of the theorem,

,   . (27)

we get the equalities, here .

Like, , similar to the functions, given in equation (17)

function  too from belonging  to  the  class,  from the  conditions  of  the
theorem
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              (28)
we will have equality.
It is known that in order for the function found in the form (25) to be a

solution  to  the  given  problem,  this  function  must  also  satisfy  equation  (1).

Therefore,  in  the  area  under  consideration   It  is
required to prove that the functions are defined.

Lemma  1. The  following  inequality  holds
for the eigenfunction.

. (29)
Therefore, we can write the solution to (25) in the following form.

Here , , -immutable numbers and ,

.
Lemma 2If the following

If the conditions are correct, line (25) and its and generated by taking the

derivative twice with respect to the variables  , The series also

converge  smoothly  in  the  domain  under  consideration.  Here , , -
immutable numbers.

LemWe know the proof of ma 2 [8]. From this we have proved that all
infinite series and their derivatives corresponding to the solution converge. This
means that the problem posed exists.
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Lemma 3.The issue under consideration The following inequality
holds for the solution.

Here , are immutable numbers.

PROOF. Equation (1) We multiply the scalar by ,  By definition,
the scalar product in a graph is

,

. (30)
Equality (30) takes the following form according to the conditions of the

problem:

. (31)

Now the result obtained from in between If we integrate over,

.
we get the inequality in the form: (2) Taking into account condition,

. (32)
We  know  that  inequality  (32)  is  equally  strong  as  the  following

inequalities:

,

. (33)
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In inequality (33) that, using the Gronwall-Bellman

inequality[7], since

 (34)

we create an inequality. , and are positive invariants.  Lemma 3 has
been proved.

Using  standard  methods,  it  is  possible  to  prove  that  the  solution  to

problems  (1)-(5)  is  unique.  If,  in  inequality  (34), , and

If we assume that, then we have, .
Therefore, the solution to problem (1)-(5) exists and is unique. Theorem 1

is completely proven.
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