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Annotation: In this paper, we investigate local boundary value problems
for the wave equation on ladder type metric graph. The main goal of this work
is to study the uniqueness and the existence of solution of the formulated
problem. Using by the method of separation of variables we find a solution of
the investigated problem in the form of the Fourier series. Existence and
uniqueness of solution of the considered problems are defined.
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Introduction

Initial-boundary problems for differential equations on metric graphs is a
relatively new field of study, and the linear Schrodinger equation (quantum
graph) on graphs began to be studied mainly in the 1990s[1]. Other types of
equations on graphs began to be studied mainly in the 2010s. We can cite the
results obtained on the nonlinear Schrodinger equation[2], the Sine—Gordon
equation, and the Korteweg—De Vries equations. G. Berkolaiko used them in his
work to study various physical processes on three-sided star graphs[3]. ZA
Sobirov and MR Eshimbetov studied heat dissipation processes on staircase
graphs[4]. The initial-boundary problem for the wave propagation equation on
staircase graphs is considered in this work for the first time.

The study of wave processes in ladder graphs is a practically important
issue. Such graphs serve as a model for studying the propagation of impulses in
DNA and RNA molecules.

1. The problem statement
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The edges of us 3”+3,m V) formed by joining together sections of
equal lengthl Given a ladder graph (Figure 1), find the edges of the graph. E}i‘,

k=1.3n +2We define it in the form of. Each b, identifiable in the bond " we

have the coordinates *and all “%to the edgesm"r‘]

we adjust the cut, that is
b, ~(0.L) k=13n+2

by by b ban-2  b3ns1
l b3 I be I by * * * l b3n_3 l ban
?2. E_;. ?8. b3n—1 b3n+2

(Drawing 1)

At each edge of the graph, we consider the following wave propagation
equation

U X =at, (x.0+ (50 (w0 e((0.L)=<(0.T)) k=13n+2

; ; - (D

-

Hereu.i: = l:HI'H:'HF' 'u?.r.'—: y Jf: =1 f{ﬁﬁ '.’f;.r:—: ’ . L}L_:__[_’.'If.f}

U E 2 given
kF=13n+2

specific functions

I Let's look at the following problem for equation (1) on the graph.

Issuel. The wave propagation equation given in the form (1)5-‘-' (0.7
identified in the field and the following:

elementary

(. ”|_,=;. =@, (x)  t.(x ”L;. =VilX) geyer k=13n+2

; 2)

homogeneous border

w(x.0)| =0 ke{l,2}  u(x0)

A=

= ! | -~
. —U’ Fch_{3n+L3n+2J,I£D’ 3)
and the following connection conditions (Kirchhoft's conditions)
Uy (X.0)| = Uy (6.1, =t (2.0)] _,

H?F:—: X ( . I:I

=y xT) |_ + Uy, [ X.T) |_ :

y=L

4)
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H?_:: rl X. I:I

=y X1

=L

=y, X.T) |;=;- :

=L

,F U (D)

=l () k=lnrz0

=L

H.‘i‘.x t X I:I

)
satisfactory s = (28 Us o8 2 )" 1 ep's find a solution.

Here@-‘-'“ -:' andw-‘-'ir -J, k=13n+2 Given functions, sufficiently smooth

functions. In addition, we assume that they have the following properties
consistent with conditions (3)-(5):

@ (0)=0. v (0)=0. ke {LZ]—

@.(L)=0. v (L)=0, ke{in+l.3n+2}, ©6)
@y (L) =@, 10)=,, (0).
@i (D)=, (0)+ ¢, (0).
@ Li=@, (L=, (0.

o L)+, (L)=¢, . (0), k=Ln.

(7)

W (L) =y  (0) =1, (0),
1-"'I;}r.:.:.'—: l:L 1= 1-"'I;}r.:.:.'—l ( D] + U:l ( D]
Wi L) =Wy (L) =5, - (0),
Wi L)+ 5 (L) =w3, 5 (0). k=Ln. (8)
2. Spectral problem in metric graphs

We solve the homogeneous part of equations (1) using the separation of
variables method (Fourier method)

X0+ A X, (x)=0 k=13n+2 )

If we satisfy conditions (3)-(5),

A {0)=0 CJE{lY X(L)=0 Ie{3n+l3n+2] (10)
XL )= X (0)= Xy (0).

(11)
Xy (L)= X34 (0) = X3, (0)=0, 1)
'};3.:.' (L ‘:| = '};3.13—]_ t "E“:I = -}173.;.._: i D‘, (13)
‘/Y':l [L j + /Tir::_:_._l [J[- :' - -‘&rj:_:.-_: [ U':' = k = ﬁ (14)

we will have relationships.
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Problems of the form (9)-(14) are usually called Sturm-Liouville spectral
problems. Spectral problems on metric graphs can be found in the literature [5]-
[6].

It is known from the course of differential equations that the general
solution of equation (9) is as follows

X, (x)=c, cos Ax+d, sin Ax (15)

has the form. (15) on each side of the equation ¥ and Using conditions
(10)-(14) with respect to the unknown coefficients,

we get a system of equations. Here < is a vector composed of unknown
coefficients and is written in the following form:

O=lc.d.¢,.d5 5, 5.y )

Considering conditions (10)-(14), we have M(A)

this:

the matrix will look like

Ag B, Cgy Ao
Ag D, Cgy A g
Ag g D, €y 4

TTeAan-3

:*‘-1-54—;__:5 Des Coy Ay

|

0 0 0 E., |
E;y

T En—1 n-1

A 2 . B,, D . . .
We can say that, ) matrix 264 , “fand is a diagonal matrix

with respect to matrices. Here, ¥ matrices are zero matrices. For convenience, if

cos AL qpdSinAL  for values @ =c0sAL b=sinAL{f we enter the definitions,

| E, . . .
Bes ,C'S + ,DS “and -* Matrices are expressed in the following forms:
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b 0 -1 0o 0 0 0
b 0 0 -1 0 0 0
5 - 0 0 c“—: 01 0 0
i 0 —-b a b 00 0 0
0 0 a b 0 0 -1 0
0 —a b —ﬂ’ i.\_[} o 0 l_,-’
a b 0 —1
a b 0 0 0 0
b -a 0 0 1
D= ; ;
o 0 a b —a
0 0 a b 0 0 o _f{a b o0
0 0 b —a b -a - 0 0 a .f:J

We are below” =1 Let's give an example for the case where . That is, the
number of edges For the graph with ta, we consider. According to equality
(15) and conditions (3) - (5),

. ] . M
' 1 - [ T~ ' 7o~ 9 — —_ f—
sin” AL(8cos” AL —sin” AL)=0 Mm = M2m = m = I MmeN

b b

. T CT7Y mm
Ay =A== ——alctCos —— —+
e TEmoTaL L9/ L meN

b

in appearance P (k =L3 ) we have the eigenvalues. Taking into account
equality (15), we find the corresponding eigenvalues X () (k =13 ) we write
the eigenfunctions
TN T T T

X, (x)=qcos—x+dsin“—x X, (x)=c,cos——x+d,sin"—x

i L I L
- B o F
(X =G COS ==X+ d3SIN—X (%) =, 008 Ay, X +d, S0 Ay, X

2 b

A, (X)=¢; 0054, X+ d; SINA: X

3. Problem solution research: existence and uniqueness of the
solution
l ¥
_ , — [ (x.n)OC|[0.L]r (0.T)
Theorem 1169 (%) Wi (0 OCT0.L] q” [0.L]
k=L3n+2 are functions defined in classes, [0.L] at intervals @) ,W;(-I} and
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(0.L)r (0.7) ﬂ—:.ﬁi-‘f-”
| 1 in the field T if the functions are absolutely integrable,
then ") for functions

Pl(0)=0 k={l2}. ¢l(L)=0 k={3n+L13n+2]
@ (L) =l (02)=¢,,(02) k=Ln
b Y
U:. l:LI:I:U:l—l l:LI:I:U:l—: l: DI:I k :m

conditions are appropriate and conditions (3)-(5) and (6)-(8) are satisfied

respectivelyﬂ"f-‘r[-x},--r-‘r[-x"'},k =L3n+2is also valid for functions, then the

solution to problem (1)—(5) exists and is unique.
PROOF. Given.- (1) we expand the functions into a Fourier series using
the eigenfunctions.

x

flen=> f (X, (x)

il

(17)
Here /m [_r}(17) The coefficients of the Fourier series. If we write the
solution of equation (1) in the following form,

u(x.r) = X, (X)W, (1)

=

k=13n+2 (18)

9

Using this solution and equation (1),
S, +at AW~ fLUD)X, (x)=0
m=l (19)
we form an equation. 4,0 Since the function is a specific function of the
problem under consideration, this
W () +a AW, (1) = f, (1) (20)

we have a non-homogeneous differential equation. It is known that the
general solution of equation (20) is

Wit = L fs'm as (t—z)f (z)dz+¢, cosart+c, sinadtl
Al % @1)
[9] Therefore, based on (18), we can write the general solution of equation
(1) as follows:
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o

[ . o i
H_;__Il Xl = N E— ' SLllf!/.m (7 —E]Lfﬁlﬁ E]dE =+ fLm CGS(!/.MI— f:m SLllf!/.mI:| }i._;jﬁli X1

= ad, s
k=L3n+2 (22)
It is known that given (%) ’y;_:__(__w.;} functions as follows
G(X) =2 0, X, (0) w0 =2 v, X, (%)
=l , n=0 (23)

We can expand it into Fourier series in the form of . Here “»and *'» (23)
are the coefficients of the Fourier series. If we satisfy the initial condition (2) for
the obtained general solution of (22),

Clm = er ff/‘.m (24)
we will have equalities.
Therefore, based on equations (22) and (24), the solution of equation (1)

satisfying conditions (2) is found as follows:

i (x.1)=
= 4 L
=> ——|sinai, (t —2)f,(2)dz + @, cosait +—2-sinait |X,,(x)
m=i| A, 5 an,

(255

Given the equations (23) @.(x) ,W‘rf'ﬂ functions‘;?‘-'(-r},u-‘f"ﬁ €L, [G'L]

since
0, = [e 00X, (& v, =Y [V.(0X,,(x)dr
E o0 , E o (26)
We can write it in the form: (26) Integrating the right-hand side of the
equations by parts two and three times, respectively, and taking into account the

conditions (6)-(8) and the conditions of the theorem,
1 in-2L in-1L

" e -+ ]- " " -
M lelnX, (nde v, =——> |winX,, (x)de
= G o k=10 . (27)

we get the equalities, here X (X) =6 5D A, X —d, COS A, X .

G_',I:

v

Mk
b

Like,'@‘-‘("c]I ,yf_;__(x} similar to the functions, given in equation (17) Jilx.1)

function too"r‘i [D'L]from belonging to the class, from the conditions of the

theorem
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fult)=>" ftf_}__i X)X, (X)dy = —LE |§—f: XX, (X)dX
P Aw =l 7 O

W k=

(28)
we will have equality.
It is known that in order for the function found in the form (25) to be a
solution to the given problem, this function must also satisfy equation (1).

: . C W) Lu (X.T) L (X.T)
Therefore, in the area under consideration * o

required to prove that the functions are defined.

It is

Lemma 1.V e (%)= 6510 4,0 +d; c0s 4,0 e following inequality holds

for the eigenfunction.
] L 2
| X, ()| =6y, cOS A, x+d,, sin A x| = T

Therefore, we can write the solution to (25) in the following form.

(29)

o

M, . M, ; d L
U (X)) =2 | — | sinad, (1 —2)dz + —Fcosai,t+ ,isumf_mr}x

m=n| AL A ar;

el T
xyfC, +do sin( A x+ A |

o )

cosd, =

Here M, ,M 1, M, -immutable numbers and dm T F

sind, =

Lemma 2If the following
M,

o

max Con + i, + | SINGA, (E = 2)d2| = My, <40,

max ‘_‘lfir: i, +d; -cos L’{f.ml“= M, <+,

M,

P ., +d. -sinaAfr

max =AM 3 <+,

If the conditions are correct, line (25) and its-* and’ generated by taking the

.. . . . B, (X.T) U, (X.T) .
derivative twice with respect to the variables —** , o The series also

converge smoothly in the domain under consideration. Here MII,MI, My

immutable numbers.

LemWe know the proof of ma 2 [8]. From this we have proved that all
infinite series and their derivatives corresponding to the solution converge. This
means that the problem posed exists.
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1 |

Lemma 3.The issue under consideration %/ The following inequality

holds for the solution.
J Jus. (. z"_:|||ir dr = h1j (t—7)|| 7. 3'}”; dr+h |w( r}”; + |l ( .r}";

i=1.2.3

Here™:, are immutable numbers.

PROOQOF. Equation (1)”-"-’ (1) We multiply the scalar by ,I By definition,
the scalar product in a graph is

[ H_;_._, |Il TI:I I"r rlTI” _[ H_;_._, ( 'T'I‘.:I'H:I"r::'( X1 :|:|1_ = [ H_;_._, |Il TI:I JT"( X, I”

r r
i i

EJ u, (xt)u, (xt)de—a EJ u (x0u,, (x.0)dx=
= ZJ u, (x.t) fo(x.0)dx
B : (30)
Equality (30) takes the following form according to the conditions of the
problem:
a d

Ld 1 |F a2 L1 s ‘
EE"H_, (x.1) [r = ||H;. Er.r_ﬁ"r < E”H" ( .r.a.‘_ﬁ|[r +E||f(.r.z;

Now the result obtained O from? in between T If we integrate over,

-
-

(1)

||u_,[ rH”r —d ||L_rx(r.z}||; EJ [:||u__|'lr. rJ”r + ||f[r. *'h”r ':)a’z'+

+u, (x.0 :”T +a ||, (x. DJ"r
we get the inequality in the form: (2) Taking into account condition,

e ( T””r +a ||ux(r.z.‘}||fr <

< (|- (o) = |7 ()} iz = )]s+ & e (2]
0 . 32)
We know that inequality (32) is equally strong as the following
inequalities:
a o, (x. I}“; Ej”u__[ X r}”;d r+ J I (x. r}";dr +¢ el r}“; +¢ o, (%) ||r
e, (et ) < [ e (e dr = [ () dr +e o (] + o o))
: : .(33)
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vit)= | u_(x. z'}”;dr
In inequality (33) 0 that, using the Gronwall-Bellman
inequality[7],~? = O since
| ||u__ (x.T }“; dr=¢ |r.f5| ||f (x.7) I; dr + | wrl x h”r dr + | @ | r}“; dz} =

= [(r=2) | Cer) e+ o+ o (o)
E (34)

we create an inequality.’!,"2and " are positive invariants. Lemma 3 has
been proved.
Using standard methods, it is possible to prove that the solution to

1=0 v (x)= Dand

b

problems (1)-(5) is unique. If, in inequality (34),}2-' |x.7

@, (x)=0 If we assume that, then we have, U x.1)=0 )

Therefore, the solution to problem (1)-(5) exists and is unique. Theorem 1
is completely proven.
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